The entropy of black holes in modified theories of gravity is examined in the Palatini formalism using the Noether Charge approach. It is shown that, if the gravitational coupling constant is properly identified, the entropy of a black hole is one-quarter of the horizon area in f(R) theories coupled to conformally invariant matter. If matter is present that is not conformally invariant the entropy is still proportional to the area of the black hole, but the coefficient is generally not one-quarter. The entropy of black holes in generalized dilaton theories and in theories with Lagrangians that depend on an arbitrary function of the Ricci tensor are also examined.
Introduction
Over the last few years there has been a significant amount of interest in modifications of gravity as an explanation for the observed accelerated expansion of the Universe [1] (see also [2] ). There are two approaches to derive the field equations from the action in these theories, the metric approach and the Palatini approach. In the metric approach the connection is taken to be the Christoffel symbol and the action is varied with respect to the metric. In the Palatini approach the metric and connection are varied independently. For the action of general relativity these approaches produce the same field equations. However, for other actions they produce different theories.
In this paper I examine the entropy of black holes in modified theories of gravity in the Palatini formalism using the Noether charge approach as developed by Wald [3] (see also [4, 5, 6, 7] ). In this approach to black hole entropy the first law of black hole mechanics is written as δ
where Q is the Noether potential associated with diffeomorphisms on the manifold, Σ is the bifurcation surface of the black hole, E is the canonical energy, J (A) is the canonical angular momentum and Ω (A) is the angular velocity of the horizon. If Q can be written in terms of local geometric quantities and the matter fields present in the spacetime the entropy will be given by
where κ is the surface gravity of the black hole. In fact, it has been shown [6] that the above integral can be taken over any cross-section of the Killing horizon. In section 2 the Noether charge approach is applied to gravitational theories in the Palatini formalism. In section 3 the entropy of black holes in f(R) theories of gravity is investigated. In section 4 theories with Lagrangians that depend on arbitrary functions of the Ricci tensor and generalized dilaton theories are examined.
Noether Charge and Black Hole Entropy
In this section I will apply the Noether charge approach, developed by Wald [3] in the metric formalism, to calculate black hole entropy in the Palatini formalism (see ([8] ) for work on black hole entropy in the metric and other approaches). The Lagrangian D-form in D dimensions will be taken to be
where ǫ is the volume form on the manifold,
ψ denotes the matter fields and ... denotes derivatives of g µν and R α µνλ . Note that g µν and Γ α µν are to be taken as independent field variables and that Γ α µν is taken to be symmetric in µ and ν. Let φ = (g µν , Γ α µν , ψ) denote the field variables. The variation in the Lagrangian associated with the variation in the field variables, δφ, is given by
where E · δφ implies a summation over field and spacetime indices. The Noether current, J, associated with the diffeomorphisms generated by the vector field ξ µ is defined to be
where L ξ φ is the Lie derivative of φ with respect to ξ µ . At this point one might be concerned by the fact that Γ α µν is not a tensor (although δΓ α µν is a tensor). However, defining
withx
When the field equations are satisfied (i.e. when E = 0) it can be shown that dJ = 0 for all ξ µ . Thus, in this case, there exists a Noether potential, Q, which satisfies J = dQ [9] . The Noether potential Q is constructed out of the field variables φ, their variations δφ, and the vector field ξ µ . Now consider a black hole spacetime with a bifurcation (D-2) surface Σ and a Killing vector
which vanishes on Σ. The vector t µ is the stationary Killing vector with unit norm at infinity, ψ H is the angular velocity of the horizon. One should note that ξ µ is defined with respect to the connection,∇ µ , that is compatible
where E is the canonical energy and J (A) is the canonical angular momentum is also valid in the Palatini formalism. To be able to interpret the left hand side of (10) as being proportional to the entropy the dependence of Q on ξ µ must be eliminated. As in the metric formulation all second order and higher derivatives of ξ µ can be reduced to the first order derivatives ∇ µ ξ ν . If ∇ µ is compatible with some metric h µν then ∇ µ ξ ν = κǫ µν where κ is the surface gravity and ǫ µν is the binormal to Σ (defined relative to h µν ). Since ξ µ = 0 on Σ the dependence of Q on ξ µ can be eliminated. Definingξ µ = κξ µ we have δQ = κδQ and the entropy of a black hole is given by
Entropy in f(R) Theories
Consider Lagrangians of the form L = Lǫ in D > 2 with
where
, and L M is the matter Lagrangian. Varying the action with respect to g µν gives
where f ′ = df /dR and R (µν) is the symmetric part of the Ricci tensor. Varying the action with respect to Γ α µν and simplifying gives
Defining h µν by
so that the connection is compatible with h µν . Contracting (13) over µ and ν gives
which allows us to write R = R(T ). First consider the entropy of vacuum spacetimes. In this case (16) implies that R is a constant (unless f ∝ R D/2 ) and that ∇ µ is also compatible with g µν . Using (6) and (8) gives
where indices on ∇ µ and R µν have been raised with g µν . It is also important to note that ξ µ is raised by the metric g µν , since the Killing vector ξ µ is used to determine the energy and momentum of the spacetime with metric g µν . Thus, when the field equations are satisfied
The Noether potential Q can then be written as
This is the same expression as one obtains in general relativity except for the constant factor f ′ . The entropy of a black hole is therefore given by
Now consider spacetimes with matter. Assuming that L M is independent of the connection it is easy to see that the matter Lagrangian will contribute the same terms to (17) as it does in the metric approach. Forms of matter such as electromagnetic fields and scalar fields only contribute terms that, with the curvature terms, vanish when the field equations are satisfied. Thus, when the field equations are satisfied the Noether current is given by
where ǫ (h) is the volume form associated with the metric h µν . From
where p = 2/(D − 2), the Noether charge can be written as
This can be expanded to obtain
Since ξ β = 0 on Σ the Noether potential Q reduces to (19) on Σ, with ∇ σ compatible with h µν not with g µν . However, Q is independent of the connection, so that the entropy is given by (20) if f ′ is constant on Σ. Before concluding that the entropy of a black hole is f ′ times one-quarter of its area it is important to consider the coupling of matter to the gravitational field. For simplicity consider conformally invariant matter with T = 0. From (16) we see that R is a constant and the connection is compatible with g µν . The field equation (13) can be written as
where G µν (g) denotes the Einstein tensor constructed from g µν . The effective Newton's constant is therefore given by
and the entropy is given by
Thus, the entropy of a black hole in a spacetime with conformally invariant matter is one-quarter of its area. This will also hold in vacuum spacetimes. Another way to look at this is to consider the "canonical" energy
where δ
Iyer and Wald have shown [4] that E is the ADM mass for general relativity. If G is taken to be Newton's constant then Q f = f ′ Q GR and E f = f ′ E GR , where Q f refers to Q in the f (R) theory and Q GR refers to Q in general relativity. However, vacuum f (R) theories are equivalent to Einstein's theory (plus a possible cosmological constant) [10] . Thus, it makes sense to define Newton's constant by (26), so that the energies coincide. Now consider spacetimes containing matter that is not conformally invariant. Equation (25) holds, with additional terms on the right hand side due to the fact that ∇ µ is no longer compatible with g µν . In addition f ′ is no longer constant. If the energymomentum tensor of the non-conformally invariant matter vanishes at infinity f ′ will approach a constant f ′ ∞ at large distances from the black hole. In this case Newton's constant will be taken to be G/f ′ ∞ and the entropy will be given by
if f ′ is constant on Σ. Thus, the entropy of a black hole is generally not equal to one-quarter of its area (in Planck units) if non-conformally invariant matter is present.
Additional Examples
Consider Lagrangians of the form L = Lǫ with
Varying the action with respect to g µν gives
where f µν = ∂f /∂g µν . Varying the action with respect to Γ α µν gives
and the connection is again compatible with h µν . It is easy to see that
and that J is given by (21) when the field equations are satisfied. It has been shown [11, 12, 13] that the field equations in this theory are equivalent to Einstein's theory plus a possible cosmological constant (except on a set of measure zero). Since ℑ µν is constructed from g µν and R (µν) it must be of the form
when the field equations are satisfied, where λ is a constant which I will assume is nonzero. From (34) and (36) we have
which implies that S BH = λ(A/4G). Including matter in (32) and using (35) and (36) shows that the effective gravitational coupling is G N = G/λ. This can also be seen by equating the energy in these theories with the energy in general relativity. Thus,
As a final example consider the Lagrangian L = Lǫ where
and α is a constant. The field equations that follow from varying the metric and connection are
and
Defining
The Noether charge is given by
and the entropy is
where φ (Σ) and f ′ Σ are evaluated on Σ (assuming that they are constant on Σ). However, from (39) one can define G N = G/f ′ ∞ and this gives
for the entropy of a black hole. In string theory α ∝ 1/G, so that equation (39) is actually independent of G. One can still define
Conclusion
In this paper I examined black hole entropy in generalized theories of gravity in the Palatini formalism using the Noether charge approach. It was shown that the entropy of a black hole in f (R) theories with conformally invariant matter is given by
where G N = G/f ′ is the effective Newtonian constant for the theory and f ′ is a constant. For theories with matter that is not conformally invariant f ′ is not a constant,
where f ′ (Σ) is the value of f ′ evaluated on the bifurcation surface and f ′ ∞ is its value at spatial infinity. Vacuum theories with Lagrangians depending on arbitrary functions of the symmetric part of the Ricci tensor were examined. The field equations of these theories are equivalent to Einstein's theory plus a possible cosmological constant and the entropy was shown to be one-quarter of the surface area. Finally generalized dilaton theories of the form
were considered and the entropy of a black hole was shown to be
where φ (Σ) and f ′ Σ are evaluated on Σ (assuming that they are constant on Σ) and f ′ ∞ is the value of f ′ at infinity.
